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(PART-A)
INSTRUCTIONS

Use of mobile phones, smart phones, ipads, calculators, programmable wrist watches is STRICTLY

PROHIBITED. Only ordinary pens and pencils are allowed inside the examination hall.

The correction is done by machines through scanning, On the OMR Sheet, darken bubbles completely
with a black or blue ball pen Please DO NOT use a pencil or a gel pen. Darken the bubbles completely,
only after you are sure of your answer; else, erasing may lead to the OMR sheet getting damaged and

the machine may not be able to read the answer.

The name, email address, and date of birth entered on the OMR sheet will be your login credentials

for accessing your score.
Incompletely, Incorrectly or carelessly filled Information may disqualify your candidature.

The answer you write on OMR sheet is irrelevant. The darkened bubble will be considered as your

final answer.

Questions 1 and 2 curry 2 marks each; questions 3 to 9 carry 3 marks each; questions 10 to 12 carry

5 marks each
All questions are compulsory,
There are no negative marks.

Do all rough work In the space provided below for it. You also have blank pages at the end of the

question paper to continue with rough work.
After the exam, you may take away the Candidate's copy of the OMR sheet.

Preserve your copy of OMR sheet till the end of current olympiad season. You will need it later for

verification purposes.

You may take away the question paper after the examination.




SOLUTIONS

Ans.

Sol.

Ans.

Sol.

Three parallel lines L,, L,, L, are drawn In the plane such that the perpendicular distance between
L, and L, is 3 and the perpendicular distance between L, and L, is also 3. A square ABCD is constructed

such that A lies on L, B lies on L, and C lies on L,. Find the area of the square.

45

GE || AF, E is the mid point of BF
So, by converse of mid point theo, G must be the mid point AB

ar(A BCG) = %xxx2x=%x\/§xx3

2x=3\/§

2
Area of square = (2x)? = (3\/§ ) =45

Ria writes down the numbers 1.2,.....101 in red and blue pens. The largest blue number is equal to
the number of numbers written in blue and the smallest red number is equal to half the number of

numbers written in red. How many numbers did Ria write with red pen?

68
Let blue number no’s =x
Then, red number no’s = 101 — x

Largest blue number = x

101-x

Smallest red number = (x > odd)

101-x
( 5 j+(101—x)—1£101

101 —x + 202 - 2x -2 £202
3x 2 99

X 2> 33

x = 33 will satisfy.

. number of red number no’s = 101 — 33 = 68
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Ans.

Sol.

Consider the set T of all triangles whose sides are distinct prime numbers which are also in arithmetic

progression. Let A € T be the triangle with the least perimeter. If a° is the largest angle of A and if

a
L is its perimeter, determine the value of T

08
Sides of'the triangle will be 3, 5, 7
L=15

B +(5)° -1

- 235

9+25-49 7
CoS O = T 3

-15 -1 \
cos a = % = 7 5
a = 120°
o 120
L 15 8

Consider the set of all 6-digit numbers consisting of only 3 digits, a, b, ¢ , where a, b, c are distinct.
Suppose the sum of all these numbers is 593999406. What is the largest remainder when the three
digit number abc is divided by 100 ?

98
There are 3° i.e. 729 numbers each digit will repeat 243 times then

sum of number = 111111 x243 (a+ b + ¢)

593999406

lllllx243 " 2Fb+e=22

for maximum remainder, number will be 598, so 598 =~ 100 = R =98

In parallelogram ABCD the longer side is twice the shorter side. Let XYZW be the quadrilateral
formed by the internal bisectors of the angles of ABCD . If the area of XYZW is 10, find the area of
ABCD.

40
A X B
10 X
\\Y% Y
X X
D_ Z L C
« = >

Join XZ = ar(AXWZ) = 5 = ar(A xyz)
= ar(AAWD) =5
Since A X || DZ = ZAXD = £ZDX
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Ans.
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But ; ZADX = /ZZDX

ZAXD = ZADX

AD = AX

OAXZD will be thombus
ar (OAXZD) = 20

= ar (OABCD) = 40

uu Ul

Let x y z be positive real numbers such that x2 + y2 = 49, y2 + yz + z2 = 36 and x2 + /3 xz + z2 = 25.

If the value of 2xy + +/3 yz + zx can be written as p\/a where p, q are integers and q is not divisible
by square of any prime number, find p + q .

30

Consider AABC such that AB =7, BC = 6, AC = 5 such that ZAPB = 90°, ZBPC = 120° &
ZAPC = 150° then using cosine rule in AAPB, ABPC & ACPA gives x> + y> =49, y?> + yz + z*> = 36 and

x? + /3 xz + z* = 25 respectively.

Now
[ABC] = [APB] + [BPC] + [APC]

1 1 1
\/9(9—5)(9—6)(9—7) :E . Xy + Exz.sin120° + EXZ sin 150°

636 ==
2

3 1
X —|-— Z—|——XZ
yrTyeTy

= 126 = %(2xy + \/gyz + xz)

= 24\/8 = 2xy + \/gyz+zx

Lp+q=24+6=30

Find the number of maps f : (1, 2, 3) - {1, 2, 3, 4, 5} such that f(i) < f(j) whenever i < J.
35




fH) <f()) Vi<j
Leti=1
f(1) < f(2) < f(3)
Case-1
f(lh=1, f{)=1=1fB3)>1
f3)=1{1,2,3,4,5} (5)
f2)=2=13)>2
f(3) = {2, 3, 4, 5} 4)
f2)=3=13)>3

f(3) = {3, 4, 5} (3)
f(2) =4, {3) >4
f3) = {4, 5} 2)
f2)=5=13)>5
f(3) = {5} Q)

Total cases for f(1)= 1= G +4+3+2+1)=15
fl)=2={4+3+2+1}=10
f1H)=3=>{3+2+1}=6
F)=4=1{2+1}=3

F()=5= {1} =1

Total cases =15+ 10+ 6 +3 + 1 =35

Alternate solutions

5 5
Total cases = Z 2(6 —J)

r=1 j=r

5
=> {6-1)+6-C+D)+...(6-5}

- %Z[42—13r+r2]

r=1

— l\42><5
2

13x5%6 N (5)(66)(11)]

= %[210—195 +55]

x70 =35

N | =
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Ans.
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For any real number t, let [t] denote the largest integer < t. Suppose that N is the greatest integer such
that

)

Find the sum of digits of N.
24

-

N e[4.5)

JINT| el16.25)
[VNJe[256,625)

JN €[256,625)

N €[65536,390625)

N largest = 390624
Sum of digits = 24

. 3%, ~Y, X Y o
Let Py = (3, 1) and define P, | = (x,, y,) forn 20 by x,,; = o YT T 5 Find the area
of the quadrilateral formed by the points Pgyg, Py7, Pog, Pg.
Bonus
P,=@3, 1)

In the question, P, = (x,, y,) is defined so according to it,

Py=P_, ,; = (x_;, y_;) which makes n < O which is not possible as n > 0 is given so it has misprint
in it.

Suppose that P is the polynomial of least degree with Integer coefficients such that
P(v7 +5)=2(v7-+5). Find P(2).

40

PNT ++/5) =27 =5)

P(T++/5) = (7 +5) (7 -/5)’

Let (\/7 +/5) =t

P() = t(\7 +/5)2 = t [24 — 2] (\ﬁ+ﬁ)2+(\ﬁ—ﬁ)2=24

P(t) =241t -3

PQ2)=24x2-23=48-8=40
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In how many ways can four married couples sit in a merry-go-round with identical seats such that men
and women occupy alternate seats and no husband seats next to his wife?
12

Let us first sit the men. They can occupy either the odd numbered seats or the even numbered seats.
Hence they can be seated in 2(4!) ways.

Let S, be the number of arrangements of the women that satisfy none of the following conditions.

1. w; is in seat 1 2. w; is in seat 2
3. w, is in seat 2 4. w, is in seat 3
5. w3 is in seat 3 6. ws is in seat 4
7. wy is in seat 4 8. w, is in seat 1

Then the required number of couple arrangements is 2(4!)S,.

We now find S;. The 4 women can be seated in 4 seats in 4! ways. Let A; be the set of arrangements
that satisfy the iy, conditions. By Principle of inclusion exclusion, we have.

S, =41 - |A\UAU . ... Ay
8

—41- Zl A+ 2 A NA] L+ CDBIA Ay A (D)
i= i>]

This expression can be reduced considerably. For instance, the cardinality of the set A; N A, is zero
since w; cannot be in both the first and the second seat. In general if any two consecutive conditions
are choosen the cardinality of the corresponding set will be zero. The cardinality of the set will be non
zero only if no two adjacent conditions are choosen. The number of ways to pick 2 non adjacent

8 (8-2
82\ 2 J°

Since choosing two of the conditions fixes the places for two of the women and the other n — 2 women

conditions out of the 8 conditions is

can be seated in (8 — 2)! ways, it follows that the number of ways in which two conditions are satisfied

8 (82
g2l 2 @2

Similarly, when we select three conditions that are pairwise non adjacent, the number of ways of

_8 (83 (4-3)!
8-3\ 3 '

1S

seating the couples is
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We can extend this necessarily to i conditions. Hence substituting in (1).

DT Ly P L(S_2J4 2)!
n— '_8_1 1 (_)~+8_2 o) (—) ..........

Hence number of arrangements is
- 8 (8-i .
2(4!)2(—1)1—_( . j(4—1)!
s 8—i\ 1

However, this counts the circular rotations of the arrangements as different. We need to divide the
above count by 2n to get the arrangements of to rotation and is given by

4 ‘ .
“4-nry (—1)1%(8i 1)(4—1)!

i=0

31 Ex 8C0><4!—%><7C1x3!+§x6C2x2!—§x5C3xl!+§ ><4C4><0!}

=6[24-48+40-16+2]=6x2=12

A 12 x 12 board is divided into 144 unit squares by drawing lines parallel to the sides. Two rooks
placed on two unit squares are said to be non attacking If they are not In the same column or same
row. Find the least number N such that If N rooks are placed on the unit squares, one rook per square,
we can always find 7 rooks such that no two are attacking each other.

73

We will generalise this answer for any n. Lets replace 12 with n and 7 with k + 1.

First we place nk rooks so that no nk + 1 rooks attack each other.

Let us first pick any k rows and fill that fully. In that case we have filled nk rooks in total. But if we
pick any k + 1 rooks then some two must be in the same column (By pegion hole principle), which
means those two will attack each other. This creates our required construction. So if we just show that
given any nk + 1 rooks placed, we can find some k + 1 which do not attack each other.

So in our case n = 12 and k = 6, hence nk + 1 = 73 will be our answer.




